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Introduction
Bulk single crystals of compound semiconductors such as GaAs and InP are
very important materials for the substrates of various electronic devices. The
Czochralski technique is widely used for the growth of these crystals. However,
container crystal growth techniques, i.e. the vertical gradient freezing (VGF)
and vertical Bridgman (VB) techniques are very promising because they can
grow crystals without diameter control in a lower axial-thermal-gradient than
that of the Czochralski method[1].

Components of compound semiconductor melts such as As and P are very
easy to evaporate. Therefore, in order to grow high-quality crystals, it is
required to suppress the volatilization and maintain the stoichiometry of the
components during growth. From this point of view, the liquid encapsulated
vertical Bridgman (LE-VB) technique[2] and the liquid encapsulated vertical
gradient freezing (LE-VGF) technique[3] have been proposed. Recently,
Matsumoto et al.[4] have successfully grown twin-free bulk single crystals of
InP by the LE-VB technique with a flat bottom crucible and Okada et al.[5] have
grown ZnSe single crystals by the LE-VB technique.

In order to grow high-quality single crystals, it is necessary to control the flow
and temperature fields which affect the melt/crystal interface shape and
segregation phenomena during crystal growth. However, it is impossible to
observe and measure these phenomena during crystal growth because the crystal
is grown in a crucible under high pressure. Therefore, numerical simulation is
attractive for the establishment of the optimum furnace design and growth
conditions, and many numerical studies have been reported[6]. A pseudo steady-
state has been assumed in numerous studies[7-16]. Recently, three-dimensional
calculations on the VB crystal growth system have been reported[17,18].

Kim and Brown have performed a transient analysis on the VGF[19] and
VB[20,21] crystal growth systems by the finite element method. Kuppurao et al.
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have performed the transient analysis by the finite element method on the VB
growth of CdZnTe crystal[22], and discussed the effect of the interrupted
growth strategies on the melt/crystal interface shape in the VB growth of CdTe
crystal[23]. Saitou and Hirata have analyzed the unsteady solidification
problem without[24,25] and with[26] the melt convection by the finite difference
method, but a crucible has not been considered and the radiative heat transfer
has been ignored in their studies. Those transient analyses[19-26] have
concerned the VGF or VB systems, which include no encapsulant. Only Lan and
Ting[27] have performed the transient analyses on the liquid encapsulated
vertical Bridgman (LE-VB) growth system by the finite volume method. They
have studied the effect of the anisotropy of a pBN crucible on the growth speed
and shape of the melt/crystal interface. The effect of the crucible on the interface
shape has also been discussed in the VB[8,27] and LE-VB[28,29] systems by
other researchers. Irizzary-Rivera and Seider[28] have showed that the
thickness of the crucible is an important factor to control the melt/crystal
interface shape.

This study concerns the LE-VGF growth of InP single crystals with a flat
bottom crucible[4]. The transient analysis is performed to discuss the effect of
the crucible thickness, the thermal conductivity of the crucible and the furnace
temperature on the flow and thermal fields during growth.

Numerical analysis
Model description and governing equations
Figure 1 shows a basic configuration and coordinate system. The model consists
of a crystal, melt, encapsulant, crucible and a carbon crucible holder. A flat bottom
crucible which has been used in the previous experimental study[4] by one of the
present authors is considered. The model includes the following assumptions: 

(1) the system is radially symmetric;

(2) the melt is incompressible and Newtonian;

(3) the flow is laminar;

(4) the Boussinesq approximation can be adopted;

(5) the liquid encapsulated material is B2O3, which is completely
transparent, and convection in the B2O3 is negligible because of high
viscosity;

(6) the melt/crystal interface is at the melting point, Tm;

(7) the B2O3/melt and B2O3/ambient interfaces are flat and nondeformable;

(8) any changes in the volume and physical properties as a result of the
melting are neglected; and

(9) the temperature of the furnace wall, Ta is constant. Under these
assumptions, the governing equations in terms of stream function ψ,
vorticity ω and temperature T are described as follows.
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In the melt (l);

(1)

(2)

(3)

where g, vj, β and α are the gravitational acceleration, the velocity in the j-
direction (j = r or z), the coefficient of thermal expansion of the melt and thermal
diffusivity, respectively.

In the crystal (s), crucible (c), crucible holder (h) and encapsulant (e);

(4)

where i = s, c, h or e.
The boundary conditions are given as follows,
Along the center axis (r = 0):

Figure 1.
Basic configuration and
coordinate system
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(5)

where i = l, s, c, h or e.
Along the upper surfaces (z = –He for encapsulant, and z = –(He+m) for the

crucible and crucible holder), both radiative and convective heat transfer are
considered, but the effect of view factor is ignored:

(6)

where i = e, c or h.

where λ , h, σ and ε are the thermal conductivity, convective heat transfer 
coefficient of ambient gas, Stefan-Boltzmann constant and emissivity, respectively.

Along the melt/encapsulant interface (0 ≤– r ≤– W, z = 0):

(7)

(8)

(9)

Along the melt/crystal interface (0 ≤– r ≤– W, z = f(r)):

(10)

(11)

(12)

Equation (12) is the energy balance along the melt/crystal interface and ∆H is
the heat of fusion.

Along the melt/crucible interface (r = W, 0 ≤– z ≤– f(w)):

(13)

(14)
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Along the crucible/(encapsulant, crystal or crucible holder) interfaces:

(15)

where, i = e, s or h

(16)

where, i = s or h.
Along the inside surface of the crucible (–(He+m) ≤– z ≤– –He):

(17)

Along the bottom surface of the crucible holder (z = H+c+h):

(18)

Along the side wall of the crucible holder (r = W+c+h):

(19)

Coordinate transformation
In order to treat a curvature interface, the boundary fixing method[30] was
used. The governing equations and boundary conditions were transformed by
the following variables;

In the melt:

(20)

In the crystal:

(21)

where Z, F, R and τ are dimensionless values, defined as z/W, f/W, r/W and
tαl/W

2, respectively.
The transformed governing equations in a dimensionless form are described

as follows:

(for the bottom wall)

(for the side wall)
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In the melt:

(22)

(23)

(24)

where Ω, ψ and θ are dimensionless vorticity, dimensionless stream function
and dimensionless temperature, respectively. Dimensionless velocities are
defined as

(25)

In equation (22), Gr and A denote the Grashof number and the aspect ratio,
respectively, defined as

(26)

(27)

In the crystal:

(28)
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The energy-balance along the melt/crystal interface, equation (12), is trans-
formed into 

(29)

Here Ste is the Stefan number, defined as

(30)

In the crucible (c), crucible holder (h) and encapsulant (e);

(31)

where i = c, h or e.

Numerical procedure
Equations (22)-(25), (28) and (31) and transformed boundary conditions such as
equation (29) were discretized by the finite difference method. The third-order
upwind difference method[31] and the second-order central difference method
were applied to the inertia and viscous terms, respectively. A fully implicit
scheme was employed for time stepping. The discretized governing equations
and boundary conditions were solved by the SOR method. The number of mesh
is shown in Table I.

Physical properties and system parameters
Physical properties of the melt and crystal of InP, pBN and B2O3 are shown in
the paper by Lan and Ting[27]; and 0.55, 0.8 and 0 were used as values of
emissivity of InP melt, pBN and B2O3, respectively. The size of the system is
shown in Table II. The size corresponds to that of the previous experimental
setup for InP single crystal growth[4]. The temperature distribution along the
crucible wall (∂T/∂z) is –1.5°C/mm, and the temperature lowering rate is
3°C/h. 

Radial Axial

Encapsulant 73 49
Melt 73 75
Crystal 73 25
Crucible 0~14a 157~170a

Crucible holder 13 169~182a

Note: aThickness of the crucible was changed
Table I.
Number of mesh
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Results and discussion
Figure 2 shows the flow pattern (left-hand side) and isothermal lines (right-hand
side) in every 200 min when the thickness of the pBN crucible is 2mm. Natural
convection, due to the radial temperature gradient is generated in the melt and
flows clockwise. As the crystal grows, the flow in the melt is suppressed, and the
melt/crystal interface shape changes from convex toward the crystal to convex
toward the melt. This behavior is in good agreement with the experimentally
observed one[32].

Figure 3 shows the effect of the crucible thickness on the flow and thermal
fields at the initial condition, i.e. t = 0. Figure 3(a) shows the case ignoring both
the crucible and crucible holder, and (b) shows the case where the thickness of the

Inner radius of the crucible, W 24.0mm
Length of crystal, H 73.3mm
Depth of encapsulant, He 25.0mm
Thickness of the crucible, c 0~4mm
Thickness of the crucible holder 4mm
m 5mm

Table II.
Size of system

Figure 2.
Flow pattern (left-hand

side) and isothermal
lines (right-hand side)

at 200 min intervals
when the  thickness of
pBN crucible is 2mm. 

∆ψ = 0.05, ∆T = 0.1 and
Ta = 1,052°C

max = 0.420

(a) 0 min

max = 0.341

(b) 200 min

max = 0.292

(c) 400 min

max = 0.243

(d) 600 min

max = 0.207

(e) 800 min

max = 0.147

(f) 1000 min

max = 0.0471

(g) 1200 min
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pBN crucible is 4mm. When the crucible and crucible holder are ignored, the
interfacial deflection is larger than that in the case in which the crucible and
crucible holder are considered. A pBN crucible is synthesized by the CVD method
and has strong thermal conductivity anisotropy. The thermal conductivity
parallel to the crucible wall is much higher than the perpendicular one[29].
Therefore, the heat flow perpendicular to the crystal bottom is suppressed by the
pBN crucible and the radial thermal gradient in the crystal becomes small as
shown in Figure 3(b). Consequently, the interfacial deflection becomes small.

Figure 4 shows the effect of the crucible thickness on the transient behavior.
Figure 4(a) shows the growth rate along the center axis (r = 0) and (b) shows the
dimensionless interfacial deflection, δ(= ∆F/W). ∆F is the deviation from the flat
interface at r = 0. Positive and negative values of δ denote the convex and
concave interfacial shape toward the melt, respectively. As shown in Figure 4,
the growth rate along the center axis is not constant although the temperature
lowering rate is constant. A pBN crucible enhances the heat flow along the
crucible wall as shown in Figure 3(b). Therefore, a thicker crucible decreases
the maximum temperature in the melt in spite of the same temperature along
the side wall. Consequently, the growth rate increases when a thicker crucible is
used. However, the growth rate in the early stage of growth is also affected by
the initial interfacial shape and is complicated.

Figure 5 shows the effect of the thermal conductivity of the crucible when the
crucible thickness is 2 mm. λR and λZ are thermal conductivities perpendicular
and parallel to the crucible wall, respectively. Anisotropic thermal conductivity
corresponds to a pBN crucible. The thermal conductivity of the crucible has a
considerable effect on the interfacial deflection. By using a crucible with lower
thermal conductivity, a small deflective interface shape can be obtained.

Figure 3.
Effect of crucible
thickness on the flow
and temperature fields
at the initial condition
(a) without crucible and
crucible holder, and 
(b) crucible thickness
of 4mm. ∆ψ = 0.05, 
∆T = 0.1 and Ta =
1,052°C

(a) (b)
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Figure 6 shows the effect of furnace wall temperature,Ta, on the temperature
distribution in the crucible when the thickness of pBN crucible is 2 mm and t =
700 min. Bold lines show the melt/crystal interface. When Ta is low, heat flow
from the melt to the furnace is enhanced and the melt/crystal interface shape
becomes flat.

Conclusion
The transient analysis for the bulk single crystal growth of InP by the liquid
encapsulated vertical gradient freezing method with a flat bottom crucible was
performed by the finite difference method with the boundary fixing method,
and the following results were obtained:

Figure 4.
Effect of crucible

thickness on (a) the
growth rate and (b)

dimensionless
interfacial deflection

when Ta = 1,052°C

0.09

0.06

0.03

0

–d
f/d

t[m
m

/m
in

]

0 300 600 900 1200
time[min]

δ 
[–

]

(a)

(b)

0mm

2mm

4mm

Key

0mm

2mm

4mm

Key
0.2

0

–0.2

–0.4

–0.6
0 300 600 900 1200

time[min]



HFF
8,8

966

(1) Crystal growth rate at the center axis is not constant during the crystal
growth although the temperature lowering rate along the side wall of
crucible is constant.

(2) The crucible thickness and thermal conductivity of the crucible are
important factors which influence the shape of the crystal/melt interface
and crystal growth rate. The crystal with a flatter interface shape, which
is favorable to obtain high quality crystal, can be grown using a thick
crucible with low thermal conductivity.

(3) Crystals which are flat or convex toward the melt can be grown in the
furnace with the low temperature wall.

Figure 5.
Effect of thermal
conductivity of the
crucible on (a) the
growth rate and (b)
dimensionless
interfacial deflection
when Ta = 1,052°C and
c = 2mm
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